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A New Stream Function Formulation
for the Steady Euler Equations

H. L. Atkins* and H. A. Hassanf
North Carolina State University, Raleigh, North Carolina

A new stream function formulation is presented for the solution of Euler equations in the transonic flow
region. In this method the stream function and the density are the dependent variables. The governing equations
for adiabatic flow are then the momentum equations which are solved in the strong conservation law form. The
method differs from the recent formulation of Hafez and Lovell, which is based on Crocco's equation, in that it
does not require knowledge of the vorticity. To study arbitrary geometries, the algorithm is combined with the
automatic grid solver (GRAPE) of Steger and Sorenson. Results are presented for an NACA 0012 airfoil at
various Mach numbers, angles of attack, and cylinders. Comparisons with other solutions of the Euler equations
show good agreement.

Introduction

I T has been demonstrated1'2 that stream function formula-
tions are capable of producing accurate and inexpensive

solutions to rotational transonic flow problems. In the past,
stream function methods have been based on Crocco's equa-
tion. Such an equation will model the rotational effects cor-
rectly and yield the correct shock jump condition if the correct
density jump is specified. However, the method requires
knowledge of the vorticity. When a shock is present, the vor-
ticity is introduced at the shock in a discontinuous manner,
resulting in numerical inaccuracies. Therefore, it is desirable
to develop a stream function formulation for the Euler equa-
tions that does not require knowledge or explicit evaluation of
the vorticity. Such a method has been developed herein. It is
based on the strong conservation law form of Euler equations
and uses the density and stream function as the dependent
variables. For adiabatic flows, the governing equations reduce
to the momentum equations which have no explicit
dependence on the vorticity.

The resulting equations for the density and stream function
can be solved in two different ways. One can add time-like
terms to iterate the momentum equations. Another approach
is to use an algebraic equation for the density and one or some
combination of the momentum equations and solve the
resulting differential equation by relaxation methods. After
considerable investigation, the latter approach was selected
because of its efficiency.

Solutions were obtained using various line relaxation
schemes for Neumann and Dirichlet boundary conditions. It
became evident during this investigation that the boundary
conditions play a significant role in determining the correct
lift. Thus, emphasis has been placed on investigating bound-
ary conditions and not on developing fast solution algorithms.
In spite of this, direct comparisons with an improved version3

of FLO52, originally developed in Ref. 4, shows that the pres-
ent scheme is as efficient or more efficient than FLOS2.
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Formulation of the Problem
Governing Equations and Transformations

The steady dimensionless Euler equations in general coor-
dinates can be written as5

dr,
= 0 (1)

where J is the Jacobian of the coordinate transformation

The fluxes F and G are defined by

F' = (pu2 +p,puv,pu), & = (puv,pv2 +p,pv)

(3)

(4)

where p is the density, p the pressure, and u and v the velocity
components in the x and y directions. The dependent variables
are normalized by p^, /?«,, (p^lp^Y2 , while the independent
variables are normalized by the chord length or some other ap-
propriate dimension. For adiabatic flows, the steady energy
equation reduces to

T=l+[(y-l)/2y](yM2
QO-u2-v2) (5)

where T is the normalized temperature, y the ratio of specific
heats, and M^ the freestream Mach number. The equation of
state

= pT (6)

and Eq. (5) are used to eliminate the pressure from the govern-
ing equations. In terms of the flux vectors

(7)

(8a)

w'=(pu,pv,p)

the fluxes become

T0+[(y + l)(pu)2-(y-l)(pv)2]/2yp

(pu)(pv)/p

pu
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G =

(pu)(pv)/p

[ ( y + l)(pv)2-(y-l)(pu)2]/2yp

pv

(8b)

where T0 is the stagnation temperature.
A stream function is introduced so that the steady continu-

ity equation in the computational plane is satisfied exactly,
i.e.,

(9)

This choice defines a linear transformation between the new
dependent variables (\l/,p) and the flux vectors, and is given by

pu ~

pv

p

1
~ ~T

—x x> 0 ~

-y* y$ °
L 0 0 J

\h f.

\h

P

or

(10)

The desired set of equations follow from Eqs. (1), (3), (8), and
(10).

There are several possible approaches for solving the new
system of equations. One possibility is to add time-like terms
and use some explicit or implicit numerical scheme to obtain a
solution. This approach proved to be a problem in that there is
no obvious or natural way to put a pt term back into the
governing equations. Various methods have been tried but
none of them proved to be successful.

Because the resulting system of equations is second order in
the stream function, it is natural to investigate the use of relax-
ation schemes developed for the potential equation in solving
this problem. This led to an investigation of equations of the
type

-dj OL2 1 [ x momentum 1
= 0

L y momentum J

For the case where

(H)

(12)

the first equation

H(\I/,p) =cos6(y momentum) -sin0(jt momentum) (13)

reduces to Crocco's equation

vSx), q=(u2 + v2)1/2 (14)

S is the entropy (dimensional entropy divided by the gas con-
stant) defined by

ydT dPTaS =—————
y-1 p (15)

The second equation reduces to the statement that S is con-
stant along a streamline, i.e.,

as dsu —— +vdx dy

Integrating Eq. (15), one finds

(16)

(17)
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The entropy jump at the shock is obtained from the Rankine-
Hugoniot jump condition

exp(S-S00) = 7 + ,

(18)

where Mn is the normal Mach number before the shock. Thus,
the equations governing the (\[/,p) formulation of the Euler
equations reduce to Eqs. (13) and (17). Note that Eq. (13) does
not have any source terms.

Although this approach reduces the Euler equations to one
differential equation for the stream function and one algebraic
equation for the density, the latter introduces an old diffi-
culty.1'2 Equation (17) gives two values of p for a given mass
flux. Special treatment is necessary to prevent the formation
of expansion shocks at the sonic point. This has been achieved
by employing artificial density methods.

Method of Solution
Starting with an initial estimate of ^, p, and p an algorithm

was developed to calculate \l/ and p. The iterative scheme for \l/
has the form

£A^ = -wH(\l/n,pn) (19)

where w is a relaxation factor. Updates of the various proper-
ties are given as

(20a)

(20b)

(20c)

(20d)

Tn + 1 = T(un + 1,vn + I ) (20e)

pn + 1 = w2(Tn + 1)1/^-1ex^(S-S00) + (l-w2)pn (20f)

The entropy is updated with each iteration by locating the
shock, if one exists, and calculating the shock strength. A
table of shock strength vs stream function is generated and is
used to calculate the entropy downstream of the shock.
Upstream of the shock the entropy is equal to the freestream
value, and w; and w2 are relaxation factors.

Because Eq. (13) reduces to a Poisson-type equation, its
solution can be obtained using relaxation schemes. Three
methods—HLOR, VLOR, and Vertical Zebra—were
employed and compared. The form of the left-hand side of
Eq. (19) depends on the particular scheme being used. The
Newton coefficients are easily determined from the Jacobians
of F and G and the linear transformation given in Eq. (10). A
detailed description of the implementation of the various
schemes can be found in Ref. 6.

Each of the preceding schemes involves solving tridiagonals
in one direction. For HLOR, the tridiagonal is along an
r; = const line; it starts one line off the body and proceeds out-
ward. For both VLOR and Zebra, the tridiagonal is along a
£ = const line. In VLOR the sweep begins upstream and pro-
ceeds downstream. The Zebra scheme is performed in two
sweeps; the first sweep solves even lines and the second sweep
solves odd lines. In this method, the direction of the sweep is
not critical. All airfoil calculations were performed on C-grids
which have a cut in the wake region. In all of these schemes the
tridiagonals were structured so that the wake could be solved
implicitly.

Difference Operators
The right-hand side of Eq. (19) is evaluated in terms of the

primitive variables as

H(\l/n,pn)=E(p",un,vn)

= cos0 (y momentum) - sin0 (x momentum) (21)

The momentum equations were differenced using the three-
point type-dependent operator developed in Ref. 5. Thus,

where
(22)

ei}j = l,Mfj > 1, j8 = 1, upper surface

= 0, Mu < 1, = 0, lower surface (23)

A central difference operator is used in the rj direction.
In the present work the artificial density shifts only in the £

direction. The A£p? term in Eq. (20b) is evaluated using a first-
order upwind difference scheme

(24)=P/ -P / + 7>

The coefficient ^ is of the form

, 0}

where /*0 and Ms are constants.
Central difference operators are used to evaluate the

derivatives indicated in Eqs. (20c) and (20d)

(25)

It should be noted that the choice of operators used in the up-
date relations determines the form of the continuity equation
being satisfied. In view of Eq. (25), the continuity equation is
satisfied by the use of three-point central difference operators,
not by the type-dependent operator used for the momentum
equations.

A different set of operators is required for the left-hand side
of Eq. (19) to maintain the tridiagonal structure. Terms of the
form

are evaluated as

As an example, applying the above difference operators to
the case of HLOR for |8 = 1 gives the difference equation
shown in the Appendix.
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Boundary Conditions
One of the advantages of the stream function formulation is

that some boundary conditions become simple to implement.
The tangency condition, for instance, is expressed by specify-
ing \// = const on the body. For C-grids, the Kutta condition is
easily implemented by setting \l/ on the body equal to \l/ at the
first point off the trailing edge. When the entropy at the trail-
ing edge is treated properly this is equivalent to requiring con-
tinuity of pressure.

Some care must be taken to insure that the far-field bound-
ary condition does not conflict with the body boundary condi-
tion. Far from the body, the stream function approximates
that of a vortex and doublet in uniform flow. Thus, for low
speeds one can write

t = WQO 0>cosa — Jtcosa) + m/R + F&uR + c

(26)

where a is the angle of attack and m, F, and c are constants. In
most cases the doublet term is sufficiently small and can be ig-

nored. For O-grids and certain C-grids, the VnR term is con-
stant or nearly constant. Because F is constant for a particular
flow, it is always possible to choose a "c" that will cancel the
vortex term. Hence, a valid Dirichlet boundary condition for
both lifting and nonlifting cases is simply

= "06 (ycosa — xsina) (27)

Thus, a Dirichlet boundary condition places a constraint on
the influx and outflux of the mass but not on the lift.

The Neumann boundary condition, on the other hand, has a
strong influence on the lift. The vortex term is of the order
l/R. However, it can never be neglected in lifting cases
because the circulation depends on the integral of \^ around
the outer boundary, which is of the order R. Neglecting the
vortex term has the effect of specifying the circulation, and,
consequently, the lift, to be zero. Thus, when a Neumann
boundary condition is used for lifting bodies, the circulation
must be calculated by some means and specified at the outer
boundary.

Results and Discussion
The method developed is used to study the flow past airfoils

at various angles of attack, Mach numbers, and cylinders. To
facilitate comparisons with other airfoil calculations, results
are given for NACA 0012 only. Unless indicated otherwise,
the airfoils are mapped by a C-grid with 79 x 25 points and the
cylinder is mapped by an O-grid with 79x23 points. The C-
grids were generated by the GRAPE program.

Figures 1-3 indicate the effect of the method of solution on
convergence. The execution time is the CPU time on the
CYBER 203, however, none of the algorithms have been vec-
torized. It is seen from Fig. 1 that if the convergence criterion
is based on a value for the residual of 10 ~3 or higher, then
HLOR is superior. On the other hand, if the convergence
criterion is based on a residual of 10~5 or lower, then Zebra is
superior. Although Fig. 1 shows that all three schemes have
similar convergence histories at zero angle of attack, Fig. 2
shows that the convergence history of the three methods
depends, to a large extent, on the angle of attack. Figure 3
shows that the scheme which reduces the residual the quickest
also converges to the steady lift coefficient the fastest.
However, when considering Figs. 2 and 3, it becomes clear
that reduction of the residual by a specified order of
magnitude is not necessarily the best convergence criterion. It
should be noted that, when lifting bodies are considered, the
schemes that employ vertical line over-relaxation are the
slowest to converge.

Figures 4 and 5 indicate the importance of specifying the
correct far-field boundary conditions. It is clear from Fig. 4
that a Neumann boundary condition that does not take into
consideration the asymptotic behavior of the solution at the
large distance from the body yields the wrong lift. This is in
spite of the fact that it meets a convergence criterion based on
the residual. The strange behavior of Cp indicated in Fig. 5 for
the case of Neumann boundary conditions is a consequence of
specifying the far-field circulation to be zero.

Figure 6 shows the effect of the mesh size on pressure
distribution for a cylinder at M=0.45. It is seen that 39 cells
around the cylinder give satisfactory results.

Figure 7 shows the effect of artificial density on the pressure
distribution. Although the magnitude of n0 does not affect the
position of the shock, it does affect the Mach number ahead
of the shock. Moreover, higher values of n0 are needed to
achieve convergence for finer grids. This appears to be the
only drawback of the method.

Figures 8-10 compare the predictions of this theory for
NACA 0012 with FLO52-S, the newest version of FLO52
described in Ref. 3, while Fig. 11 compares the present method
with FLO52-S and Steger's method8 for a cylinder at
A/,,, = 0.45. It should be noted that Fig. 10 employs a 158 x 25
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C-grid. All airfoil comparisons with FLO52-S, which employ
120x33 O-grids, were provided by Salas,9 while the cylinder
comparisons were provided by Wornom,10 both from the
NASA Langley Research Center. Figure 8 shows that the pres-
ent method, which for M^ =0.3 does not have any smoothing,
is in excellent agreement with FLO52-S. Figures 9 and 10 show
that the present method has an overexpansion in the
neighborhood of the sonic line. This results from the use of ar-
tificial density to prevent the expansion shock and can be im-
proved by calculating density as suggested in Ref. 2. Other-
wise, the solutions are in good agreement for both airfoils and
cylinders. However, as seen from Fig. 11, this method is not in
good agreement with Steger's method in the supersonic
region. The spike preceding the shock in Steger's method may
be traced to the use of central difference operators and an ex-
plicit smoothing term with a constant coefficient.

Finally, Fig. 12 compares the speed of computation of this
method with that of FLO52-S. It is seen from Fig. 12 that if
the convergence criterion is based on a reduction of the
residual by three orders of magnitude, then the two methods
are competitive. On the other hand, if the convergence
criterion is based on a reduction of the residual by five orders
of magnitude or more, then the present method is superior.
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Replacing derivatives with the difference operator previously
described gives

= o>(smeij,-coseij] U~'
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Fig. 12 Residual vs execution time, NACA 0012;
a = 0.0.
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Concluding Remarks
The predictions of the stream function approach developed

here are in good agreement with FLO52-S. In spite of the fact
that no attempt has been made to accelerate the computation,
comparison of the CPU time for both schemes shows that, in
general, the present method is more efficient. It has been
demonstrated that stream function calculations in three
dimensions are practical for isentropic flow. The extension of
the present algorithm is straightforward; however, the method
of determining entropy as a function of two stream surfaces
may become cumbersome. Therefore, it is felt that solutions
of the Euler equations based on stream function formulations
are both accurate and inexpensive and, thus, deserve further
attention.

Appendix: Application of Finite Difference Operator
for the Case of HLOR and 0 = 1

The linearized equation has the form

where

= 0,

and co is the relaxation factor.
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